The Unruh effect has been investigated from the point of view of the quantum statistical Zubarev density operator in space with the Minkowski metric. Quantum corrections of the fourth order in acceleration to the energy-momentum tensor of real and complex scalar fields, and Dirac field are calculated. Both massless and massive fields are considered. The method for regularization of discovered infrared divergences for scalar fields is proposed. The calculated corrections make it possible to substantiate the Unruh effect from the point of view of the statistical approach, and to explicitly show its universality for various quantum field theories of massless and massive fields. The obtained results exactly coincide with the ones obtained earlier by calculation of the vacuum average of energy-momentum tensor in a space with a conical singularity. Thus, the duality of two methods for describing an accelerated medium is substantiated. One may also speak about the emergence of geometry with conical singularity from thermodynamics. In particular, the polynomiality of the energy-momentum tensor and the absence of higher-order corrections for acceleration can be explicitly demonstrated.
I. INTRODUCTION
The properties of a medium with acceleration and vorticity are controlled by fundamental laws that arise at the quantum-field level [1] [2] [3] [4] [5] [6] . Various quantum-field effects associated with acceleration and vorticity have been discovered: the chiral vortical effect (CVE) [1] [2] [3] [4] [5] , the Unruh effect [6] , phase transitions due to rotation [7] and acceleration [8] [9] [10] of the medium. These effects are now also the subject of an experimental search in heavy ion collisions and quark-gluon plasma, in particular, vorticity, or more precisely the thermal vorticity tensor, can lead to polarization of hadrons [11] [12] [13] [14] , and acceleration is considered as a possible source of thermalization and hadronization [15, 16] .
A remarkable observation is that these effects allow to show the duality of various theoretical approaches. An example is the CVE, which can be obtained in the framework of different statistical approaches [17] [18] [19] [20] [21] , using the hydrodynamic approach with the quantum axial anomaly [2] , in the framework of an effective field theory [4] , on the basis of the gravitational anomaly [5] . Another example is the chiral magnetic effect [4, 22] .
In this paper, we focus on another well-known effect related to the motion of a medium such as the Unruh effect [6] . According to this effect, the accelerated observer perceives the Minkowski vacuum as a medium with a temperature T U , proportional to the acceleration modulus |a|
This temperature is known as Unruh temperature.
In recent years, a fundamental theoretical approach has been developed that allows one to study the effects associated with acceleration. It is based on the Zubarev quantum statistical density operator [17, 18, [23] [24] [25] [26] . Acceleration-related effects can be obtained by calculating quantum corrections to the mean values of the observed quantities in the inertial system described by the Minkowski metric. Thus, in particular, corrections up to the fourth order in acceleration to the energy-momentum tensor of Dirac field [16, 27] , as up to the second order for scalar field [17, 18, 26] were calculated.
The mean values calculated in this way correspond to the normalization at which the contribution corresponding to the Minkowski vacuum is subtracted. Thus, it becomes possible to verify the Unruh effect from the point of view of quantum statistical mechanics. Indeed, this effect should lead to a situation where the mean values vanish at the proper temperature equal to the Unruh temperature: so the Minkowski vacuum corresponds to an accelerated medium with Unruh temperature [28] [29] [30] [31] .
Some results in this direction have already been obtained: in particular, the Unruh effect in this way was shown for the massless Dirac field [16, 27] , for which it was necessary to calculate fourth-order corrections in acceleration. In addition, a new effect was discovered related to the instability at Unruh temperature [16, 28] .
In this paper, we test the statement about the Unruh effect in a statistical approach for a wider class of theories and show that it is general. We calculated the corrections to the energy-momentum tensor of the real and complex free massless scalar fields, as well as the first mass corrections for scalar and Dirac fields. We show that in all investigated cases the calculated coefficients exactly satisfy the condition of vanishing at Unruh temperature. Thus, we conclude that the effect previously shown in [27] is universal.
Despite the fact that the final conclusion about the Unruh effect is the same for fermions and scalar fields, the quantum corrections themselves have a different structure. If for fermions the fourth-order terms turned out to be finite, then for scalar fields these terms contain infrared divergences. A method of regularization of these divergences is described.
An amazing observation is that the calculated quantum corrections exactly correspond to another approach based on quantum field theory in a space with a boundary, which after introducing a finite temperature becomes a space with a conical singularity [29, 30, [32] [33] [34] [35] . We show the duality of two approaches to the description of the thermodynamics of an accelerated medium: statistical one, with the Zubarev operator, and geometrical approach with a conical singularity. This correspondence was first noted by us and discussed in the case of massless fermions in [16] . In this paper, we show that this duality also appears for scalar fields and for massive scalar and Dirac fields in the first mass order.
The revealed duality allows us to make a number of valuable statements regarding the statistical approach. First, in the conical singularity approach, the polynomiality of the energy-momentum tensor and the absence of higher-order corrections in acceleration can be explicitly demonstrated. Accordingly, we predict, on the basis of the duality, the absence of such corrections in the statistical approach. We have verified this statement directly in a particular case when calculating acceleration corrections for massive fields.
In addition, we get confirmation of the possibility of using the "naive" method of regularization of infrared divergences, which we proposed in calculating quantum corrections in acceleration in the case of scalar fields.
The paper has the following structure. Section II provides calculation of quantum corrections of the fourth-order in acceleration to energy-momentum tensor of real scalar field in the massless case and in the first order in mass. It is shown that when calculating acceleration corrections, infrared divergences arise and the procedure for their regularization is described. In the Section III we give similar results for complex scalar field. Section IV contains earlier results for massless fermions, as well as the first order mass corrections for massive Dirac field. Section V discusses exact duality with a conical singularity approach. In the Section VI generalizing remarks are made about the observed universality of the Unruh effect in the statistical approach, and consequences from the duality are discussed. In the Section VII conclusions are given.
II. REAL SCALAR FIELD

A. Massless real scalar field
In the framework of quantum statistical mechanics the properties of a medium are described using the Zubarev density operator [17, 23, 24] . For a medium with acceleration, a term with an acceleration and a boost operator appears in this density operator [17, 28] 
whereP µ is a four-momentum operator,K µ x is a boost operator translated to the vector x µ , and α µ = a µ T is the vector of thermal acceleration, which is proportional to the usual kinematic acceleration vector in the case of global equilibrium.
Using (2.1), corrections related to acceleration to the energy-momentum tensor can be calculated. From symmetry considerations it follows that in the fourth order of the pertur-bation theory the energy-momentum tensor has the form
The purpose of this section is to calculate quantum corrections in acceleration to the mean value of energy-momentum tensor of free scalar field. The energy-momentum tensor of a free real scalar field has the well-known operator form
In this subsection, we will consider the case of massless fields m = 0. The coefficients ρ and p 0 correspond to standard formulas for the energy density and pressure of gas of massless bosons (they can also be found directly using (2.1))
Coefficients A n are to be found on the basis of (2.1). In [17, 26] , the second-order coefficients in acceleration A 1 , A 3 , A 5 were calculated
where the index 0 means that we are considering the case of m = 0. However, in the second order, the condition necessary to justify the Unruh effect was not fulfilled. One can easily check using (2.4) and (2.5), that T µν (T = T U ) = 0. Therefore, higher order corrections must be calculated. We proceed to calculate the coefficients A 2 , A 4 , A 6 . The general algorithm of calculation of the hydrodynamic coefficients on the basis of (2.1) is described in [17, 21, 26] , and in the case of fourth-order corrections, in [27] . To find the coefficients A 2 , A 4 , A 6 , it is necessary to expand Eq. (2.1) in the series of the perturbation theory in the acceleration and calculate quantum correlators with boost operators and operator of the quantity under study. Rewriting the boost operator through the energy-momentum tensor, we will need to calculate five-point quantum correlators of the form
The index β(x), c means that mean value is to be defined using the operator (2.1) with α µ = 0 and that only connected correlators are taken into account, T τ means ordering by inverse temperature, and |β| = 1 T . The coefficients in (2.2) are expressed in terms of (2.6) as follows
We present the result of calculation for the coefficient A 2 in integral form
where n (k) B (p) = d k dp k 1 e p/t −1 is the derivative of the Bose-Einstein distribution. An essential property of (2.8) is the appearance of infrared divergence in the limit |p| → 0. The appearance of this infrared divergence is a direct consequence of the Bose distribution pole for p → 0 in (2.8) . It turns out that if we extract this divergence as a term of the Laurent series with negative power of the momentum, then the infinite integral (2.8) can be represented as the sum of the finite contribution and the divergent integral of the form d|p|/|p| 2 .
A similar situation will be for the other coefficients in (2.2). We write out the final expressions for the coefficients, representing them as the sum of the finite and diverging contributions
(2.9)
A standard technique in quantum theory of massless fields is to equate separately appearing divergent integrals of the form d|p|/|p| 2 to zero, which is associated with the absence of a dimensional parameter in the integral. Such a subtraction can be done, at least in the case of massless theory. Subtracting the divergences in (2.9) and taking into account the coefficients (2.4) and (2.5), we obtain the next expression for the energy-momentum tensor
.
(2.10)
One can easily check that T µν 0 real vanishes at the Unruh temperature
The fulfilment of condition (2.11) is a direct indication of the Unruh effect: the Minkowski vacuum corresponds to the proper temperature equal to the Unruh temperature.
B. Massive real scalar field
Mass corrections can be calculated using the same algorithm used in massless theory. Mass effects are contained in the energy-momentum tensor itself (2.3), as well as in propagators [17] . The terms of the order m 2 T 2 can be obtained from the standard formulas for ρ 0 and p 0 , which describe the energy density and pressure of static gas of massive bosons. The corresponding standard formulas can also easily be calculated using the Zubarev density operator, and in this case it will be necessary to subtract the standard ultraviolet-diverging vacuum contribution. The finite parts will have the form
where E p = m 2 + |p| 2 . In the order m 2 we obtain, in particular, for ρ 0
The integral in (2.13) converges and we obtain (similarly for p 0 )
Corrections of the order m 2 |a| 2 can be obtained on the basis of the formulas [26] or [17] . In general case of m = 0 coefficients A 1 , A 3 , A 5 are
We note, however, that we did not find these formulas for real scalar fields in the form (2.15) in the literature. Exactly the same formulas, but with a factor 2, are given in [17] for complex scalar fields. Despite the fact that it is obvious in advance that the result for a real scalar field will be two times smaller, we derived (2.15) directly from the density operator with a scalar field, following the algorithm [17] .
Corrections of the order m 2 can be obtained in the same way as above, by expanding the integrands in (2.15) in a series in mass. In particular, for the coefficient A 1 we get
As in the previous section, when calculating the terms |a| 4 , the integral (2.16) contains the infrared divergence of the form 1/|p| 2 . We single out this divergence as a separate term. Then the coefficient A m2 1 will be presented as a combination of a finite term and a divergent integral. A similar situation is realized for the remaining coefficients in (2.15) . As a result, we obtain
(2.17)
The terms of the order m 2 |a| 4 /T 2 can be calculated on the basis of the formulas (2.7) and (2.6), where it is necessary to keep the mass in the propagators and the energy-momentum tensor (complete formulas are not presented because of their too large size). Moreover, we find that these terms contain only infrared divergences, and the finite contribution in all coefficients is zero.
Accordingly, in the order m 2 we obtain (we keep the divergences that appeared earlier)
(2.18)
Acting in the same way as in the case of infrared divergences in (2.9) and (2.17), we put the divergences 1/|p| 2 and 1/|p| 4 in (2.18) equal to zero. In the case of the massive theory, such a procedure of subtraction is no longer obvious, however, as we show, it leads to a correct expression satisfying the Unruh effect and, as will be shown in the Section V, it is confirmed from the point of view of the geometrical approach with conical singularity. As a result, taking into account (2.14), (2.17) and (2.18) we obtain the following expression for the energy-momentum tensor in the order m 2
where T µν 0 real is the energy-momentum tensor of scalar field at m = 0 (2.10). It follows from (2.19) that 20) and thus, the condition necessary for the Unruh effect is also satisfied in the order m 2 .
III. COMPLEX SCALAR FIELD
A. Massless complex scalar field
We will consider complex scalar fields with zero chemical potential µ = 0. The results obtained in this case are predictably the same as for the real scalar field, and differ only by a factor of 2, which is associated with a double number of degrees of freedom. However, at the technical level, the two cases are a bit different, which, in particular, is due to the fact that in the case of complex scalar field there is an additional conjugate field. This simplifies the application of Wick theorem and from a technical point of view, calculations in the case of complex scalar fields turn out to be less complicated.
We start with the following standard expression for the energy-momentum tensor of complex scalar fieldŝ
Calculating the corrections according to the algorithm described in the previous section, we find that all the coefficients for complex scalar fields are described exactly by the formulas (2.4), (2.5) and (2.9), but with an additional coefficient of 2. And as a result, we get a 2 times larger value for the mean value of energy-momentum tensor
Thus, the Unruh effect is also observed statistically for massless complex scalar fields.
B. Massive complex scalar field
In the case of massive complex scalar fields, acceleration corrections can be calculated based on the formulas (2.6) and (2.7) and the formulas from [17] , in exactly the same way as it was done in the previous section for real scalar fields. As a result, the mass corrections are described by the same formulas as for the real scalar fields (2.14), (2.17) and (2.18), but with an additional coefficient of 2. The final result for the mean value of the energy-momentum tensor in the order m 2 is the doubled real scalar one
Thus, massive complex scalar field also satisfies the condition associated with the Unruh effect.
IV. DIRAC FIELD
A. Massless Dirak field
In this section, for completeness, we present the results for massless fermions obtained in [27] . The calculation of the coefficients (2.2) for fermions can be done on the basis of the formulas (2.6) and (2.7), where it is necessary to use the energy-momentum tensor of fermions. As a result, we obtain the following coefficients
where the second-order coefficients A 1 , A 3 , A 5 were calculated in [17] . The energy-momentum tensor takes the form
Unlike scalar fields (2.9), the energy-momentum tensor of fermions is free from infrared divergences. This situation corresponds to the fact that in the Fermi-Dirac distribution, in contrast to the Bose distribution, there is no singularity at zero energy. It is easy to see that the Unruh effect is statistically fulfilled
B. Massive Dirac field
Coefficients of the order m 2 can be calculated in the same way as previously. As a result, we obtain
where the coefficients ρ m2 0 , p m2 0 are calculated by expanding the standard formulas for the energy and pressure of the static gas of massive fermions. The coefficients A m2 1 , A m2 3 , A m2 5 are calculated by expanding in mass the formulas from [17] , while the coefficients A m2
can be obtained based on the formulas (2.6) and (2.7), by holding the mass in the propagators and the energy-momentum tensor (complete formulas are not given because of their too large size). Taking into account (4.4), we obtain the next expression for the mean value of the energy-momentum tensor of Dirac field in the order m 2
where T µν 0 fermi corresponds to massless case (4.2). It is easy to see that the energymomentum tensor (4.5) satisfies the condition resulting from the Unruh effect According to (4.4) , when calculating corrections with acceleration in the hydrodynamic coefficients of massive fermions, there are no divergences and all terms are finite. The same situation was in the case of massless fermions. It is also important to note that the terms of higher order m 2 |a| 4 /T 2 , as can be seen from the formulas for A m2 2 , A m2 4 , A m2 6 , are equal to zero.
V. THE DUALITY OF THE STATISTICAL AND GEOMETRICAL AP-PROACHES
It turns out that all the formulas (2.10), (2.20), (3.2), (3.3), (4.2), (4.5), calculated in the framework of the perturbation theory following from the Zubarev density operator (2.1) in an ordinary flat Minkowski space, can be obtained in another approach based on the consideration of a space with a conical singularity [29, 30, [32] [33] [34] [35] . The first indications of such duality were noted by us in [16] , and now we will show it at a more general level. Now, to consider the medium with acceleration, we move into space with an event horizon described by the Rindler metric
where η = γλ, x = r cosh η, t = r sinh η, and γ = const (we consider here the definition of the metric for which g 00 < 0). The proper acceleration |a| and the proper time τ of the uniformly accelerated observer are connected with the variables λ and r |a| = r −1 , τ = γrλ .
At finite temperature, the proper time τ is to be made imaginary and periodic in the inverse proper temperature T −1 . Thus, the metric (5.1) takes the form
3)
The space, described by (5.3) contains a flat two-dimensional cone with an angular deficit 2π − |a|/T . One of the important properties of the space (5.3) is the presence of a conical singularity at r = 0.
In the papers [29, 30, [32] [33] [34] [35] a quantum field theory in space-time of a cosmic string was considered. This space-time is equivalent to the Euclidean Rindler space-time (5.3) up to change of the numbering of coordinates [30] . In particular, the energy density in space-time (5.3) turns out to be equal to the vacuum average of the component T 2 2 of the energymomentum tensor in space-time of the cosmic string: ρ Rindler = T 2 2 string . In [29, 30, [32] [33] [34] [35] the expressions for the T 2 2 of massless real scalar field (s = 0) and fermion field (s = 1/2) are given
where ν defines the period 2π/ν of the angular coordinate for the space-time of the cosmic string. For ν = 1, the conical singularity disappears. In order to move to space (5.3), it is necessary to replace ν = 2πT r and take into account the relation ρ Rindler = T 2 2 string . As a result, we get
Taking into account (5.2) we get exactly the energy density from (2.10) and (4.2)
In [33, 34] the results of calculation of quantum corrections with mass for real scalar fields are given
which, taking into account the comments made earlier, leads to energy density in space (5.3)
This formula exactly coincides the expression for energy, following from (4.5).
In [35] the case of massive fermions in a space of cosmic string is considered. However, we did not find a derivation of corrections of the order m 2 from the general formula given in [35] . Further we present such a calculation. According to [35] and taking into account the correspondence between the Rindler metric and the metric with a cosmic string, the energy density of fermions with mass m is described by the formula
where T 0 and T 1 are of the form
where K 1 and K 2 are the modified Bessel functions of the second kind. We expand the functions in (5.10) in a series in mass up to the order of m 2 . Then the energy density will take the form ρ m2 s=1/2 = I 0 + m 2 I 1 ,
where the integrals I 0 and I 1 are of the form The integrals (5.12), can be found 13) and, thus, the energy density for fermions in the order m 2 takes the following form
The formula (5.14) exactly matches the result from the Zubarev operator (4.5). Thus, despite the difference between the two methods, statistical and geometrical, both at the ideological level and directly technical, it is striking that both methods lead to exactly the same results: formulas (2.10), (2.20) , (4.2), (4.5) exactly coincide to (5.6), (5.8) and (5.14) .
Thus, we should talk about the duality of the two methods. The first method is statistical; all calculations are carried out in a flat space described by the Minkowski metric. This method "knows nothing" about curvilinear coordinates, but nevertheless leads to relations directly following from the Unruh effect: the coefficients turn out to be precisely such that the Minkowski vacuum corresponds to a proper temperature equal to Unruh temperature. The second method considers space with a boundary, an event horizon, which then transforms into space with a conical singularity. Moreover, in this method, it is obvious in advance that all observables vanish at the Unruh temperature, since even at the level of the Green's function, subtraction was performed at the Unruh temperature. In this sense, the first approach is an independent verification of the Unruh effect, while the second considers it as the initial premise.
VI. DISCUSSION
In the sections II, III, IV we calculated quantum corrections related to acceleration to the energy-momentum tensor. We have shown that both in the case of massless fields and in the case of massive fields in the first order in mass, the calculated corrections satisfy the condition following from the Unruh effect. It is clear, since the calculated mean value of the energy-momentum tensor is normalized to the Minkowski vacuum, which corresponds to taking all the products of the operators using normal ordering [26] . Then, according to the Unruh effect, the Minkowski vacuum is perceived by the accelerated observer as a heat bath with Unruh temperature. Therefore, at the proper temperature equal to the Unruh temperature, the mean value of the energy-momentum tensor should be zero. This is what we have shown for a wide class of theories. Thus, we can talk about confirming the universality of the Unruh effect in the framework of Zubarev approach, which is a general quantum-field phenomenon that does not depend on the type of fields under consideration.
We have also discovered the duality between the statistical approach with the density operator and the approach considering the space with a conical singularity [29, 30, [32] [33] [34] [35] . The expressions obtained in the framework of these two approaches exactly coincide both in the case of massless fields and in the first order in mass.
Two important consequences follow from this duality. The first concerns infrared divergences in the case of real and complex scalar fields in (2.9), (2.17) and (2.18) . Recall that we subtracted the divergences both in the case of massless fields and in the corrections m 2 . If in the first case this procedure can be justified by the lack of mass, then in the second case it is not so obvious. Now we can argue that since the expressions we received as a result of application of this subtraction exactly match the formulas (5.6), (5.8) and (5.14) , derived in a geometrical approach, then we acted correctly. We note, however, that in a more general case, it may be necessary to sum the infrared divergences in all orders of the perturbation theory.
The second remark concerns the non-renormalizability of the obtained expressions. When considering the formulas (2.10), (2.20), (3.2), (3.3), (4.2), (4.5) the question arises as to whether the calculated acceleration orders are maximal. Now we have received a positive answer to this question. Indeed, in formulas (5.6), (5.8) and (5.14) , obtained using the geometrical approach, the calculated orders are maximal as the acceleration effects are taken into account in a nonperturbative way.
At the same time, we can make a prediction that the calculation of subsequent acceleration corrections, in which negative degrees of temperature could formally appear, within the framework of the statistical approach with the operator (2.1) will give zero. We have verified this statement directly in a particular case of corrections of the order m 2 |a| 4 /T 2 in the coefficients A m2 2 , A m2 4 and A m2 6 in (2.18) and (4.4) . These corrections turned out to be zero (in the case of scalar fields, after subtracting the divergences).
We also note that such polynomiality is associated with the properties of Sommerfeld integrals when integrated in the complex plane [16] . Moreover, according to [16] , it is necessary to make a substantial remark that formulas of the form (2.10), (2.20), (3.2), (3.3), (4.2), (4.5) are exact nonperturbative expressions only in the region T > T U . When considering the domain T < T U , perturbative formulas of the form (4.2) may stop to be applicable and additional nonperturbative polynomial contributions can appear. Moreover, we can talk about the existence of instability at the boundary of two regions at T = T U at least for Dirac field.
VII. CONCLUSIONS
We have calculated quantum corrections related to the acceleration to free-field energymomentum tensors using the statistical Zubarev density operator. A wide class of theories is considered: massless real and complex scalar fields, Dirac field, and also massive fields in the first order in mass. All calculated corrections satisfy the Unruh effect: the energymomentum tensor, taking into account the obtained corrections, turns out to be zero at the proper temperature equal to the Unruh temperature. Thus, the universality of the Unruh effect in the statistical approach is demonstrated.
In the case of Dirac field, the studied corrections lead to finite momentum integrals, both in the massless case and for the corrections of the order of m 2 . However, for scalar fields, infrared divergences appear in the corrections of the order |a| 4 , m 2 |a| 2 and m 2 |a| 4 /T 2 . These divergences can be regularized by subtracting the corresponding negative power terms of the Laurent series of the form 1/|p 2 | and 1/|p 4 |. This procedure was used to regularize the divergences both in the case of massless fields and in the case of massive scalar fields. In the case of massless fields, such subtraction is typical for quantum field theory, while in the case of massive scalar fields the possibility of using such a naive method is not obvious. However, as a result, we obtain the expressions for the energy-momentum tensor satisfying the Unruh effect. In a more general case, it may be necessary to summarize an infinite series of divergences in all orders of the perturbation theory, similar to how this is done when considering plasma effects, where the summation of dominant infrared divergences is performed [36] .
It is shown that the calculated quantum corrections exactly correspond to the corrections calculated in the framework of field theory in a space with a conical singularity [29, 30, [32] [33] [34] [35] . Thus, there is a duality of statistical and geometrical approaches. This duality was first noted in [16] , and in this paper we show that it is a general phenomenon.
The existence of the duality of the two approaches makes it possible to substantiate the correctness of the chosen procedure of the regularization of infrared divergences. Indeed, since exactly the same expressions were obtained, this procedure with the subtraction of the first diverging terms of the Laurent series was correct at least in the cases considered.
Also, since all expressions calculated in a space with a conical singularity were exact and nonperturbative, it should be expected that in the statistical approach all the higher terms will be also equal to zero. We have verified this directly in particular cases by calculating quantum corrections of the order of m 2 |a| 4 /T 2 for all considered field theories. All corrections of this type turned out to be equal to zero.
